In this article we extend the notion of quasi-nilpotent equivalent operators, introduced by Colojoara and Foias [4] for Banach spaces, to the class of bounded operators on sequentially complete locally convex spaces.
Introduction
The class of quasi-nilpotent equivalent operators on a Banach space was introduced by Colojoara and Foias [4] . The aim of this paper is to search if we can extend this theory to the class of bounded operators on sequentially complete locally convex spaces. Any family P of seminorms which generate the topology of a locally convex space X (in the sense that the topology of X is the coarsest with respect to which all seminorms of P are continuous) will be called a calibration on X. The set of all calibrations for X is denoted by C(X) and the set of all principal calibration by C 0 (X).
An operator T on a locally convex space X is quotient bounded with respect to a calibration P ∈ C(X) if for every seminorm p ∈ P there exists some c p > 0 such that
The class of quotient bounded operators with respect to a calibration P ∈ C(X) is denoted by Q P (X). For every p ∈ P the applicationp : Q P (X) → R defined bŷ p(T ) = inf{ r > 0 | p(T x) ≤ rp (x) , (∀) x ∈ X}, is a submultiplicative seminorm on Q P (X), satisfying the relationp(I) = 1, and has the following properties
1.p(T )= sup
p (T x), (∀) p ∈ P, (∀) q ∈ Q;
p (T x) ≤p (T ) p (x), (∀) x ∈ X.
We denote byP the family {p | p ∈ P}. If T ∈ Q P (X) we said that α ∈ C is in the resolvent set ρ(Q P , T ) if there exists (αI − T ) −1 ∈ Q P (X). The spectral set σ(Q P , T ) will be the complement set of ρ(Q P , T ).
An operator T ∈ Q P (X) is a bounded element of the algebra Q P (X) if it is bounded element in the sense of G.R.Allan [1] , i.e some scalar multiple of it generates a bounded semigroup. The class of the bounded elements of Q P (X) is denoted by (Q P (X)) 0 . If r P (T ) is the radius of boundness of the operator T in Q P (X), i.e.
The Waelbroeck resolvent set ρ W (Q P , T ) of an operator T ∈ (Q P (X)) 0 is the subset of elements of λ 0 ∈ C ∞ = C ∪ {∞}, for which there exists a neighborhood V ∈ V (λ0) such that:
The Waelbroeck spectrum of T , denoted by σ W (Q P , T ), is the complement of the set
there exists some t > 0 such that:
Given (X, P) a locally convex space, for each p ∈ P we denote by N p the null space and by X p the quotient space X/N p . For each p ∈ P consider the canonical quotient map π p :
(from X to X p ) which is an onto morphism. It is obvious that X p is a normed space, for each p ∈ P, with norm || • || p defined by
Consider the algebra homomorphism
This operators are well defined because T (N p ) ⊂ N p . Moreover, for each p ∈ P, L(X p ) is a unital normed algebra and we have
For every p ∈ P consider the normed space (X p , • p ) the completition of (X p , • p ). If
T ∈ Q P (X), then the operator T p has an unique continuous linear extensionT p on (X p , • p ) and
2 Bounded Operators with SVEP Lemma 2.1 If (X, P) is a sequentially complete locally convex space and T ∈ (Q P (X)) 0 , then
, then for each neighborhood U of λ 0 the set
is not bounded in Q P (X). Let U ∈ ρ(Q P , T ) an open set such that λ 0 ∈ U . This implies that there exists λ 1 ∈ U and p ∈ P such that for every n ∈ N there exists x n ∈ X (p(x n ) = 0) with the property
which implies that λ 1 ∈ σ a (Q P , T ) ⊂ σ(Q P , T ) (see [11] ). This contradicts the supposition we made, so lemma is proved.
Definition 2.2 If (X, P) is a sequentially complete locally convex space we say that the operator T ∈ (Q P (X)) 0 has the single-valued extension property (we will write SVEP) if for any analytic function
f : D f → X, where D f ⊂ C is
an open set, with the property
Definition 2.3 Let (X, P) be a sequentially complete locally convex space and T ∈ (Q P (X)) 0 . For every x ∈ X we say that the analytic function
Denote by ρ T (x) the set of all complex number λ 0 for which there exists an open set D λ0 , such that λ 0 ∈ D λ0 , and an analytic function f x : D λ0 → X which has the property
The set σ T (x) will be the complement of the set ρ T (x).
Remark 2.4 1. In the case of bounded operators on a Banach space we have the condition ρ(T ) ⊂ D x , but the lemma 2.1 implies that this conditions in the case of quotient bounded operators on sequentially complete locally convex space is naturally replaced by the condition
2. It is known that for a locally bounded operator T ∈ Q P (X) we have the equalities
so in this case we can use ρ(T ) instead of ρ W (Q P , T ) in all definitions we presented above.
Remark 2.5 If T ∈ (Q P (X)) 0 has SVEP then for each x ∈ X there exists an unique maximal analytic extension of the application λ → R(λ, T ), which will be denoted byx. Since T ∈ (Q P (X)) 0 has SVEP the set ρ T (x) is correctly defined and is unique. Moreover,
Remark 2.6 If T ∈ (Q P (X)) 0 has SVEP and x ∈ X, then
Lemma 2.7 Let (X, P) be a sequentially complete locally convex space. If T ∈ (Q P (X)) 0 then
Proof. 1) If λ 0 ∈ ρ W (Q P , T ) then there exists V ∈ V (λ0) with the properties (1) and (2) from definition of Walebroeck resolvent set. Since for every λ ∈ V \{∞} we have
and the set {R(λ, T )| λ ∈ V \{∞}} is bounded in Q P (X) results that the application λ → R(λ, T ) is continuous in λ 0 , so
there exists some neighborhood V ∈ V (∞) such that the application λ → R(λ, T ) is defined and bounded on V \{∞}. Moreover, this application it is holomorphic and bounded on V \{∞}, which implies that it is holomorphic at ∞.
Therefore, the application λ → R(λ, T ) is holomorphic on ρ W (Q P , T ).
2) Results from the proof of (1).
3) For each λ ∈ ρ W (Q P , T ) we have
If V ∈ V (λ0) satisfies the conditions of the definition of Walebroeck resolvent set, then the set
is bounded, so from relation (1) results that lim |λ|→∞ R(λ, T ) = 0.
From equality R(λ, T ) = λ −1 R(1, λ −1 T ), λ = 0, and relation (1) results that
so by lemma 2.7 we have lim
Therefore, from Liouville's theorem results thatx(λ) ≡ 0. Using the properties of functional calculus presented in [17] and (2) we have
It is obvious that if x = 0 X , then σ T (x) = ∅.
Quasi-nilpotent Equivalent Operators
For a pair of operators T, S ∈ (Q P (X)) 0 , not necessarily permutable, we consider the following notation
(n−k)!k! , for all n ≥ 1 and k = 1, n.
Remark 3.1 [4]
If T, S, P ∈ (Q P (X)) 0 then for all n ≥ 1 we have:
2.
n k=0 (−1) n−k C k n (T − S) [k] (S − P ) [n−k] = (T − P ) [n] .
Definition 3.2 We say that two operators T, S ∈ (Q P (X)) 0 are quasi-nilpotent equivalent operators if for every p ∈ P we have
In this case we write T q ∽ S.
Remark 3.3 If T, S ∈ (Q P (X)) 0 , then (T − S)
[n] ∈ Q P (X).
Lemma 3.4 Let (X, P) be a locally convex space and T, S ∈ (Q
[n] and
so by root test the series
[n] ) converges. Moreover, for each ε ∈ (0, 1) and every p ∈ P there exists some index n ε,p ∈ N such that
n∈N is a Cauchy sequence. Since the algebra Q P (X) is sequentially complete results that the series
Analogously, we can prove that the series
Lemma 3.5 The relation q ∽ defined above is a equivalence relation on (Q P (X)) 0 .
Proof. It is obvious that
q ∽ is simetric and reflexive. Now will prove that q ∽ is transitive. Let T 1 , T 2 , T 3 ∈ (Q P (X)) 0 such that T 1 q ∽ T 2 and T 2 q ∽ T 3 . Then for every ε > 0 and every p ∈ P there exists n ε,p ∈ N such thatp
for every n ≥ n ε,p . If
then for every n ∈ N we havê
The previous relation implies that
for all n ∈ N and every p ∈ P, sô
Therefore,
Analogously, we can prove that
Lemma 3.6 If (X, P) is a locally convex space then T, S ∈ (Q P (X)) 0 are then quasi-nilpotent equivalent operators if and only ifT p ,S p ∈ L(X p ) are quasi-nilpotent equivalent operators on the Banach spaceX p , for every p ∈ P.
Proof. For every p ∈ P the subspace N p is invariant for T p and T p , so
[n] 1/n = 0 and lim
Therefore,T p ,S p ∈ L(X p )) 0 are quasi-nilpotent equivalent operators, for every p ∈ P.
Conversely, ifT p q ∽S p , for every p ∈ P, then the relation (4) and (5) holds, so condition (3) is verified.
Lemma 3.7 If (X, P) is a locally convex space and T, S ∈ (Q P (X)) 0 are then quasi-nilpotent equivalent operators, then σ(Q P , T ) = σ(Q P , S).
Proof. From previous lemma results thatT p ,S p ∈ L(X p )) 0 are quasi-nilpotent equivalent operators, for every p ∈ P, hence by theorem 2.
, so the corollary is proved.
Theorem 3.8 Let (X, P) be a locally convex space. If T, S ∈ (Q P (X)) 0 are quasi-nilpotent equivalent operators, then σ W (Q P , T ) = σ W (Q P , S).
Proof. From lemma 2.7 results that the functions λ → R(λ, T ) and λ → R(λ, S) are holomorphic on the set ρ W (Q P , T ), respectively ρ W (Q P , S).
and the set { R(λ, T )| λ ∈ D 1 (λ 0 ) } is bounded in Q P (X). For each p ∈ P we consider that
n the Taylor expansion of the resolvent around each point λ of D 1 (λ 0 ). From complex analysis we have the formula
for all λ ∈ D 1 (λ 0 ) and every n ≥ 0. Since T q ∽ S results that for every ε > 0 and every p ∈ P there exists n ε,p ∈ N such that
Assume that ε < r 1 − r 0 . Then for every p ∈ P there exists n ε,p ∈ N such that
is a Cauchy sequences.
Since Q P (X) is sequentially complete results that the series
converges uniformly in D 0 . Therefore, the function λ → R(λ) is analytic in ρ W (Q P , T ). Using lemma 2.7 by induction it can be prove that if we differentiate n ≥ 1 times the equalities
then for every n ≥ 1 we obtain
for every λ ∈ D 1 (λ 0 ) and every n ≥ 1. From lemma 3.1 and relation (6) Analogously we prove that R(λ)(λI − S) = I, so ρ W (Q P , T ) ⊂ ρ W (Q P , S). The inclusion ρ W (Q P , S) ⊂ ρ W (Q P , T ) can be proved in the same way. for all λ ∈ ρ T (x). This shows that ρ T (x) ⊂ ρ S (x), so σ S (x) ⊂ σ T (x). Analogously it can be proved that σ T (x) ⊂ σ S (x).
